In a directional solidification process, since the liquid solubility is higher than the solid one, the surplus solute will be released from the solid/liquid interface into the liquid, which is the main source of increasing the liquid solute. The release of solute at the moving interface is like that of latent heat. Except the growth rate, the release of extra solute also depends on the liquid concentration at the interface, which is not fixed. Consequently, the numerical treatment of the solute release is not so easy as that of the latent-heat one. If the effect of solute release is not handled appropriately, the concentration solutions will diverge very easily. In this paper, extra nodes added on the solid/liquid interface in a fixed grid system are proposed to solve the mass transfer problem in the directional solidification process. A one-dimensional problem is firstly used to test the proposed method. The computing results are compared with those of other fixed grid methods and the analytical solutions from the literature. Finally, the feasibility of the proposed method is further testified by applying it to solve the concentration field of the crystal growth of GaAs in a Bridgman furnace.
Introduction
In the recent years, semiconductor is generally applied in integrated circuits or microelectronic parts. Therefore, it is very important to make semiconductor materials with high purity, high homogeneity and good crystal quality are in highly demands. Homogeneity is one of the key factors that can affect the quality of single crystal materials. Good homogeneity represents the well-mixed degree of dopant distribution. However, the temperature field, velocity field, and the profile of solid/liquid interface mainly affect the dopant concentration distribution as the crystal grows. Consequently, how to effectively control the heat and mass transfers and the shape of solid/liquid interface in the crystal growth system is the key point to control the crystal quality.
For solving the crystal growth problem, if flow field is known, it seems that the concentration field can be solved numerically without too much difficulty by putting the velocity distribution into the concentration equation. However, it is really not so simple to solve the concentration field of dopant in the melt during the crystal growth of a semiconductor material. In the crystal growth, because the liquid solubility of dopant is higher than the solid one, the surplus solute will be released from the solid/liquid interface into the liquid, which is the main source of increasing the liquid solute. The release of solute at the moving interface is like that of latent heat. The release of latent heat per unit volume depends on the growth rate and the latent heat and the latter one is a fixed value. However, except the growth rate, the release of extra solute is also related to the liquid concentration at the interface, which is not a fixed one. Consequently, the numerical treatment of the solute release is not so easy as that of the latent-heat one. If the effect of the solute release is not handled appropriately, the concentration solutions will diverge very easily.
To solve the temperature field in a solidification process, the numerical methods can be generally divided into two kinds: the fixed domain method [1] [2] [3] [4] 26) and the front tracking method. [5] [6] [7] [8] [9] The fixed domain method treats the liquid and solid phases as a computing domain. The temperature fields of both phases are solved together. The latent heat is put into the specific heat or heat source term or the enthalpy is used instead of the temperature in the numerical calculation. In the front tracking method, the temperature distributions of solid and liquid phases are solved separately and they are linked by the Stefan condition and the solidification temperature at the solid/liquid interface. At every time step, the location of the interface needs to be traced out. Originally, the grid system for this method is not fixed and needs to be changed every time step for the new interfacial location, which makes the numerical computation complicated. Recently, the method is applied to the fixed grid system. In a fixed grid system, the main disadvantage in the use of the front tracking method is that it is difficult to precisely track the interface. Labonia et al. 5) delivered a scheme to solve this problem. They used an explicit interface-tracking scheme that involves the straightline reconstruction and advection of the interface on a fixed grid. Furthermore, Li et al. 6) utilized a cubic-spline reconstruction for determining the marker points and improved the marker points at the boundary. The results for solidification front locations and temperature are as well as those using an adaptive grid generation scheme. 7) In solving the concentration field in a solidification process as mentioned above, it is not so simple as in the heat transfer analysis since the variable of interfacial concentration is involved in the calculation of the solute release. Voller et al. 10) treated the solute release at the interface as a source term in the concentration equation, in which an extrapolation procedure was used to calculate the interface concentration. A fixed grid single domain approach was utilized to obtain the concentration solutions, which are averaged over the computational cells. With the similar method, Timchenko et al. 11) extrapolated the interface concentration exponentially, according to the one-dimensional steady solution. Lan et al. 12) proposed a finite volume (FV)/ Newton's method for the calculation of solute transfer in directional solidification.
Due to the unknown and irregular growth interface, the rz coordinates are transformed into the general curvilinear ones. Compared to those of the Galerkin finite element method (FEM), 13, 14) the results showed the global conservation could be preserved in FVE and the FEM cannot satisfy the global conservation very well in coarse meshes. Stelian et al. 15, 16) used the free-surface enhancements introduced by the FIDAP package to modeling the solute transport at the solid/liquid interface and the computed results are in good agreement with those from the experimental analysis. 17) The key problem of handling the solute release at the solid/liquid interface is how to obtain the interface concentration. Generally, this can be solved by two basic methods, one is the front tracking method and the other is the extrapolation scheme. The former one is more accurate and complicated numerically than the latter one. Though the extrapolation method is easier, it would lead to the inaccurate or even the diverging solution if the method is not handled appropriately. For the directional solidification problem, an intermediate method between these two schemes is proposed in this work to solve the solute release problem at the interface, in which extra nodes are added at the interface to obtain the interface concentrations without changing the original fixed grid system. This method is similar to those front tracking methods used in a fixed grid for solving the temperature field in a solidification process. The interface temperature is the melting temperature, which is known. However, the interface concentration is unknown and plays an important role in the calculation of solute release. To test the proposed method, a one-dimensional problem is firstly used. The computing results are compared with those of other fixed grid methods and the exact solutions from the literature. Finally, the feasibility of the method is further testified by using a crystal growth problem.
Problem Description
The considered physical model is a directional growth along the x-axis in a limited length, as shown in Fig. 1 . In the figure, L is the total length of the physical model, V is the growth rate of solid/liquid interface and sðtÞ is the position of solid/liquid interface. C and D are the liquid concentration and diffusivity, respectively.
To simplify the problem, the following assumptions are made firstly for building the mathematical model, in which the liquid concentration field can be solved solely: 1. The solute diffusion in solid is ignored. 2. The growth rate of solid/liquid interface, V, is constant. From the physical model and the assumptions stated above, the governing equation and the initial and boundary conditions can be given as follows.
(1) Governing equation
(2) Initial condition
where C 0 is the initial concentration. (3) Boundary condition
where k is the equilibrium distribution coefficient.
Numerical Method
In the paper, the numerical method is the finite difference method. In the formulation of the difference equation, the centered difference is utilized for the space derivative and the backward difference is for the time derivative. In solving the solute redistribution, extra nodes are added at the solid/liquid interface and their difference formulations can help to obtain the interface concentrations, from which the solute release can be estimated accurately. For those nodes not involved in the phase change, the finite-difference formulation of the governing equation can be written as
Áx 2 ð5Þ
where the superscript n is the index of time and the subscript i is the index of space grid. In Fig. 2 , the solid/liquid interface is located between node i and i-1 at t ¼ t nþ1 . A node, node int, representing the interface is added and the difference formulations for node int and node i need to be re-derived. The shadow areas shown in Fig. 2 (a) and 2(b) are the control volumes of these two nodes. In the control volume of node int, Áx int is the distance between node i and int and Áx int =2 is the width of the control volume. For the control volume, the solute balance can be written as
where A is the area of cross section. J 1 and J 2 are the solute fluxes entering from the left and the right sides of the control volume and can be expressed as
Áx int ð8Þ
For the control volume of node i ( Fig. 2(b) ), the solute balance can be written as
where J 3 and J 4 are the solute fluxes entering from the left and the right sides of the control volume and can be expressed as 
For convenience, the dimensionless analysis is applied here. The dimensionless variables and parameters are shown as follows:
Therefore, the eqs. (5), (6) and (9) in dimensionless form can be given as
where
Results and Discussions
In the paper, the method of grid node increasing at the solid/liquid interface is proposed to deal with the problem of the solute release at the interface during the directional solidification process. The results of the proposed method will be compared with those of other fixed grid methods. The test case for these comparisons is that Pe is set to be 50.
Fixed grid method with the linear and exponential extrapolations of the interface concentration
For handling of the solute release at the solid/liquid interface in the one-dimensional mass transfer problem described above, the linear and exponential extrapolation methods are utilized to calculate the interface concentration in a fixed grid system. For example, in Fig. 2 , C i and C iþ1 can be used to linearly or exponentially extrapolate the interfacial concentration, C int . The exponential interpolation method is taken from reference.
11) The primary difference between the extrapolation methods and the proposed one of adding an extra nodes at the solid/liquid interface is that in extrapolation methods the interface concentration C int is calculated or extrapolated by using the concentrations of the nodes nearby. In the proposed method, the interface concentrations of the extra nodes are regarded as unknowns or degrees of freedom in solving the algebraic equations of concentration formulated by the finite difference scheme. Figure 3 shows the solid concentration distributions for these two methods with the node numbers of 2000 and 8000. The solid concentration C Ã S is equal to the interfacial liquid concentration multiplied by the equilibrium distribution coefficient k. The solid concentration distribution after solidification can be divided into three regions, the initial transient, the steady-state and the final transient regions. 18) In the steady-state region, the solid concentration is equal to the initial or averaged concentration C 0 , i.e. C Ã S ¼ 1.
18) In Fig. 3 , the steady value of 8000 nodes is close to one, but the value of 2000 nodes is significantly lower than one, especially for the linear interpolation method. Figure 4 illustrates the averaged concentration varying with time. The averaged values of 8000 nodes are close to one, but the values of 2000 nodes become farther from one as time goes. In these two figures, the solutions of these two methods for 8000 nodes are very similar to each other, but the solutions of the exponential extrapolation method for 2000 nodes are better than those of the linear one. ∆ Figure 5 shows the solid concentration distributions for this method with the node numbers of 2000 and 8000. In the figure, the concentration distribution of 2000 nodes is nearly the same as that of 8000 nodes and their steady values are close to one. Figure 6 illustrates the averaged concentration varying with time. The averaged values of 8000 nodes are almost equal to one, but the values of 2000 nodes are a little bit higher than one. In the comparisons of the solid concentration and the average concentration distributions from Fig. 3 to Fig. 6 , it can be found that the proposed method is better than the linear or exponential extrapolation method stated above.
Except the comparisons above, the other computing results are further compared with those taken from the literature. Figure 7 shows the concentration distributions of the 2000th, 6000th and 10000th time steps. In the figure, the variation tendency of the concentration field is the same as that of reference, 19) which is shown in Fig. 8 . At the solid/liquid interface, the concentration is discontinuous and has a significant concentration difference. Since the liquid solubility is higher than the solid one, the redundant solute diffuses into the liquid and makes the solute piled up at the interface.
According to the solution of Clyne and Kurz, the length of the initial transient region is 4D/(Vk), 19) i.e. when x = 4D/ (Vk), C 
(ii) Smith solution Figure 10 illustrates the solid concentration distributions in the final transient region of the proposed method and Smith solution. In the figure, it can be found that the computed distribution agrees fairly well with that of Smith.
From the results shown above, the proposed method can work pretty well for the one-dimensional mass transfer model of the solidification problem. Finally, the proposed method was applied to solve the concentration field of the crystal growth of GaAs (Gallium Arsenide) in a Bridgman furnace, 22) whose physical model and coordinate system are shown in Fig. 11 . In the figure, H, r 0 and r i are the height and the outer and inner radii of the ampoule, respectively. T m is the melting temperature of GaAs and T f is the furnace temperature. For establishing the mathematical model, the basic assumptions are (1) the Boussinesq approximation is used, (2) the fluid flow is laminar and incompressible, (3) the diffusion of dopant in solid is ignored. Based on the assumptions, the governing equations can be written as
where u and v are the velocity components in the radial and axial directions, respectively. p is the pressure, T is the temperature and C is the liquid concentration. is the density, v is the kinematic viscosity, Cp is the specific heat and D is the liquid diffusivity. g is the gravitational acceleration, is the coefficient of thermal expansion and T ref is the reference temperature. k r and k z are the thermal conductivities in the radial and axial directions, respectively. In the beginning of crystal growth, the furnace wall is heated up to a fixed-linear temperature distribution for a certain period of time and then is cooled down to make the crystal grow. Accordingly, the initial conditions of this model are assumed to be the steady solutions in the condition that the furnace wall is set at the first fixed-linear temperature distribution. The temperature distribution of furnace wall T f (along the z direction) at any moment is linear, and decreases with time at a constant speed. The expression of T f can be written as
where G is the temperature gradient of furnace wall and is negative, V g is called the cooling speed of furnace wall and T H 0 is the highest temperature of furnace wall during the crystal growth. The boundary conditions of this model can be described as follows.
(1) Boundary conditions of the flow field
where the subscript wall means the ampoule wall and the subscript int represents the liquid/solid interface.
(2) Boundary conditions of the temperature field
(iv) At r ¼ r 0 ; an equivalent heat transfer boundary condition is applied, i.e.;
where h 1 is the equivalent heat transfer coefficient, 23, 24) r 0 is the outer radius of the ampoule. 
where r i is the inner radius of the ampoule.
(iv) At the solid/liquid interface;
where C int is the liquid concentration at the solid/liquid interface and k 0 is equilibrium distribution coefficient.Ṽ V is the growing velocity of the solid/liquid interface andn n is the unit normal vector of the interface. The mathematical model is axial-symmetric and the numerical scheme is the finite different method. The SIMPLEC algorithm 25) is used to solve the flow field. The modified effective specific heat method 26) is utilized to handle the release of latent heat. In the solidification process, because the solubility of liquid solute is higher than that of solid, the surplus solute will be released from the solid/liquid interface into the liquid, which is the main source of increasing liquid solute. If the effect of solute release is not handled appropriately, the concentration solutions will diverge very easily.
The boundary condition of concentration field at the solid/ Because it is difficult to evaluate the growth velocityṼ V, the sweeping volume of the moving interface in a time step is used instead. Accordingly, the increased rate of solute in a time step can be given by
where Á8 int is the sweeping volume. By using the control volume method, the difference equation of the extra node C int at the interface (Fig. 12) can be written as
where the superscript n represents the index of time step. u e , A e , u w , A w , v n and A n are the velocities and areas of the east, west and north control surfaces, respectively. 8 is the volume of the control volume and Ás is the distance from C nþ1 i; j to C nþ1 int . Figure 13 shows the computed temperature and flow fields (isotherms and streamlines) of GaAs in the ampoule for two Rayleigh numbers. Raleigh number is defined as
where is the coefficient of thermal expansion, is the kinematic viscosity and ' is the liquid thermal diffusivity. Rayleigh number for Fig. 13 (a) and 13(b) is 100 and the number for Fig. 13 (c) and 13(d) is 10000. In the figure, it rotates from the vertical to the horizontal for convenience and the direction of gravity is towards the right. The curved isotherm next to the bottom of streamlines is the solid/liquid interface. The curved interface induces the natural convection, which causes a clockwise circulation in the melt. The From Fig. 14 , it can be found that the higher Ra has the stronger flow field, but does not have a significant effect on the temperature field and the shape of solid/liquid interface. The concentration field can be affected by not only diffusion but also convection. Because of the Schmidt number (Sc ¼ =D) of dopant Se in GaAs is 42, the convective effect is expected to be much larger than the diffusive one. In Fig. 14, the isoconcentrates are significantly distorted by the melt flow, especially in the case of Ra ¼ 10000. With the stronger velocity field resulted from the higher Ra, the solute from the interface is taken into the melt faster and therefore the maximum concentration becomes smaller. However, due to the induced circulation, the solute accumulates around the corner between the interface and the central axis, where the concentration field has its maximum value. Finally, Figure 15 illustrates C ave /C 0 varying with time for Ra ¼ 100 and 10000, where C ave and C 0 are the averaged and initial concentrations respectively. In the figure, the thick line is Ra ¼ 100 and the thin line is Ra ¼ 10000. It can be found that the averaged concentrations are very close equal to the initial one.
Conclusion
In this paper, extra nodes added on the solid/liquid interface in a fixed grid system are proposed to solve the mass transfer problem in a directional solidification process. A one-dimensional problem is firstly used to test the proposed method. The computing results will be compared with those of the linear and exponential extrapolation methods and the analytical solutions from the literature. From the comparisons of the steady value of the solid concentration and the average concentration distributions for the one-dimensional problem, the proposed method is better than the linear or exponential extrapolation method. In the initial and final transient regions of the one-dimensional problem, the computed solid concentrations are very close to those taken from the literature. Finally, The feasibility of the proposed method is further testified by applying it to solve the concentration field of the crystal growth of GaAs in a Bridgman furnace. 
